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Abstract. Graded Lagrangian formalism in terms of a Grassmann-graded variational bicomplex on 

graded manifolds is developed in a very general setting. This formalism provides the comprehensive 

description of reducible degenerate Lagrangian systems, characterized by hierarchies of non-trivial 

l—j , higher-order Noether identities and gauge symmetries. This is a general case of classical field theory 

£S) | and Lagrangian non-relativistic mechanics. 

t-H ! 

1 Introduction 

a,; 

\ Conventional Lagrangian formalism on fibre bundles Y — > X over a smooth manifold X is 
formulated in algebraic terms of a variational bicomplex of exterior forms on jet manifolds of 
sections of Y — > X [2, 9, 16, 17, 19, 30, 36, 37]. The cohomoiogy of this bicomplex provides 
the global first variational formula for Lagrangians and Euler-Lagrange operators, without 
appealing to the calculus of variations. For instance, this is the case of classical field theory if 
dimX > 1 and non-autonomous mechanics if X — R [19, 20, 35]. 

However, this formalism is not sufficient in order to describe reducible degenerate La- 
grangian systems whose degeneracy is characterized by a hierarchy of higher order Noether 
identities. They constitute the Kozul-Tate chain complex whose cycles are Grassmann-graded 
elements of certain graded manifolds [8, 7, 19]. Moreover, many field models also deal with 
Grassmann-graded fields, e.g., fermion fields, antifields and ghosts [19, 21, 35]. 

These facts motivate us to develop graded Lagrangian formalism of even and odd variables 
[8, 17, 19, 34]. 

Different geometric models of odd variables are described either on graded manifolds or 
supermanifolds. Both graded manifolds and sup ermanif olds are phrased in terms of sheaves of 
graded commutative algebras [5, 19]. However, graded manifolds are characterized by sheaves 
on smooth manifolds, while supermanifolds are constructed by gluing of sheaves on supervector 
spaces. Treating odd variables on a smooth manifold X, we follow the Serre-Swan theorem 
generalized to graded manifolds (Theorem 5). It states that, if a graded commutative C°°(X)- 
ring is generated by a projective C°°(X)-moduie of finite rank, it is isomorphic to a ring of 
graded functions on a graded manifold whose body is X. In accordance with this theorem, we 
describe odd variables in terms of graded manifolds [8, 17, 19, 34]. 

We consider a generic Lagrangian theory of even and odd variables on an n-dimensional 
smooth real manifold X. It is phrased in terms of the Grassmann-graded variational bicomplex 
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(28) [4, 7, 8, 17, 19, 34]. Graded Lagrangians L and Euler-Lagrange operators SL are defined 
as elements of terms S^[F; Y] and q(SI^[F; Y]) of this bicomplex, respectively. Cohomology 
of the Grassmann-graded variational bicomplex (28) (Theorems 11-12) defines a class of 
variationally trivial graded Lagrangians (Theorem 13) and results in the global decomposition 
(32) of dL (Theorem 14), the first variational formula (37) and the first Noether Theorem 18. 

A problem is that any Euler-Lagrange operator satisfies Noether identities, which therefore 
must be separated into the trivial and non-trivial ones. These Noether identities obey first- 
stage Noether identities, which in turn are subject to the second-stage ones, and so on. Thus, 
there is a hierarchy of higher-stage Noether identities. In accordance with general analysis of 
Noether identities of differential operators [33], if certain conditions hold, one can associate 
to a graded Lagrangian system the exact antifield Koszul-Tate complex (62) possessing the 
boundary operator (60) whose nilpotentness is equivalent to all non-trivial Noether and higher- 
stage Noether identities [7, 8, 18]. 

It should be noted that the notion of higher-stage Noether identities has come from that 
of reducible constraints. The Koszul-Tate complex of Noether identities has been invented 
similarly to that of constraints under the condition that Noether identities are locally separated 
into independent and dependent ones [4, 13]. This condition is relevant for constraints, defined 
by a finite set of functions which the inverse mapping theorem is applied to. However, Noether 
identities unlike constraints are differential equations. They are given by an infinite set of 
functions on a Frechet manifold of infinite order jets where the inverse mapping theorem fails 
to be valid. Therefore, the regularity condition for the Koszul-Tate complex of constraints is 
replaced with homology regularity Condition 23 in order to construct the Koszul-Tate complex 
(62) of Noether identities. 

The second Noether theorems (Theorems 26, 27 and 28) is formulated in homology terms, 
and it associates to this Koszul-Tate complex the cochain sequence of ghosts (71) with the as- 
cent operator (72) whose components are non-trivial gauge and higher-stage gauge symmetries 
of Lagrangian theory. 

2 Variational bicomplex on fibre bundles 

Given a smooth fibre bundle Y — > X, the jet manifolds J r Y of its sections provide the 
conventional language of theory of differential equations and differential operators on Y — > X 
[12, 26]. Though we restrict our consideration to finite order Lagrangian formalism, it is 
conveniently formulated on an infinite order jet manifold J°°Y of Y in terms of the above 
mentioned variational bicomplex of differential forms on J°°Y. However, different variants of 
a variational sequence of finite jet order on jet manifolds J r Y also are considered [1, 27, 38]. 

Remark 1. Smooth manifolds throughout are assumed to be Hausdorff, second-countable 
and, consequently, paracompact and locally compact, countable at infinity. It is essential 
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that a paracompact smooth manifold admits the partition of unity by smooth functions. 
Given a manifold X, its tangent and cotangent bundles TX and T*X are endowed with 
bundle coordinates (x x ,x x ) and (x x ,x\) with respect to holonomic frames {d\} and {dx x }, 
respectively. By A = (Ai...Afc), \A\ — k, X + A — (AAi...Afc), are denoted symmetric multi- 
indices. Summation over a multi-index A means separate summation over each index Aj. 

Let Y — > X be a fibre bundle provided with bundle coordinates (x x ) y l ). An r-order jet 
manifold J r Y of its sections is provided with the adapted coordinates (x A , y\ y\)\A\< r - These 
jet manifolds form an inverse system 

Y^~J l Y< J r - l Y^J r Y< , (1) 

where 7r^_ 1 , r > 0, are afline bundles. Its projective limit J°°Y is defined as a minimal set 
such that there exist surjections 

7r°° : J°°Y -> X, tt£° : J°°Y — >■ Y, tt£° : J°°Y ->■ J fc F, (2) 

obeying the relations 7r^° = 7r^ o 7r£° for all admissible k and r < k. One can think of elements 
of J°°Y as being infinite order jets of sections of Y — > X. 

A set J°°Y is provided with the coarsest topology such that the surjections 7r^° (2) are 
continuous. Its base consists of inverse images of open subsets of J r Y, r = 0, . . ., under the 
maps 7r^°. With this topology, J°°Y is a paracompact Frechet (complete metrizable) manifold 
[17, 19, 37]. It is called the infinite order jet manifold. One can show that surjections 7r^° 
are open maps admitting local sections, i.e., J°°Y — > J r Y are continuous bundles. A bundle 
coordinate atlas {Uy, (x x ,y 1 )} of Y — > X provides J°°Y with a manifold coordinate atlas 

dx' x 



{(^)~ 1 (U Y ),(x x ,y i A )} < lAb y'\ + K-^r x d,yl d x = d x + E vU^t- (3) 

0<|A| 

Theorem 1. A fibre bundle Y is a strong deformation retract of an infinite order jet 
manifold J°°Y [2, 16, 19]. 

Corollary 2. By virtue of the well-known Vietoris-Begle theorem [11], there is an 
isomorphism 

H*(J°°Y;R) = H*(Y;R) (4) 

between the cohomology of J°°Y with coefficients in the constant sheaf R and that ofY. 
The inverse sequence (1) of jet manifolds yields a direct sequence 

0*(X) ^ 0*(Y) ^ 0\ — )• • • • 0*_ x ^ O* — )■ • • • (5) 

of differential graded algebras (henceforth DGAs) G*(X), 0*(Y), O*. = 0*(J r Y) of exterior 
forms on X, Y and jet manifolds J T Y, where it r r -\* are the pull-back monomorphisms. Its 
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direct limit O*^ consists of all exterior forms on finite order jet manifolds modulo the pull- 
back identification. It is a DGA which inherits operations of an exterior differential d and an 
exterior product A of DGAs O*. 

Theorem 3. The cohomology H*{0*^) of the de Rham complex 

O—HR—x^ JL>... ( 6 ) 

of a DGA O^o equals the de Rham cohomology H^ R (Y) of a fibre bundle Y [1, 9, 19]. 

One can think of elements of O*^ as being differential forms on an infinite order jet manifold 
J°°Y as follows. Let (5* be a sheaf of germs of exterior forms on J r Y and <S*. the canonical 
presheaf of local sections of (5*. Since are open maps, there is a direct sequence of 
presheaves 

®0 >& r > ■■■■ 

Its direct limit 0^ is a presheaf of DGAs on J°°Y. Let 0^ be a sheaf of DGAs of germs of 
0^, on J°°Y. The structure module Q*^ = r(n^ CJ ) of global sections of is a DGA such 
that, given an element G and a point z G J°°Y, there exist an open neighbourhood U 
of z and an exterior form (f)^ on some finite order jet manifold J k Y so that <j>\u = ft}°*<t>^\u- 
Therefore, one can think of as being an algebra of locally exterior forms on finite order 
jet manifolds. In particular, there is a monomorphism — > Q^. 

A DGA 0%^ is split into a variational bicomplex [15, 16, 17, 19]. If Y — > X is a contractible 
bundle W n+P — >■ lR n , a variational bicomplex is exact [30, 36]. A problem is to determine 
cohomology of this bicomplex in a general case. One also considers a variational bicomplex of 
a DGA Q*^ [2, 37]. It is essential that a paracompact space J°°Y admits a partition of unity 
by elements of a ring [37]. This fact enabled one to apply the abstract de Rham theorem 
(Theorem 29) in order to obtain cohomology of a variational bicomplex [2, 37]. Then 
we have proved that cohomology of a variational bicomplex O*^ equals that of a variational 
bicomplex Q*^ [15, 16, 17, 19, 32]. 

Remark 2. Let Y — > X be a vector bundle. Its global section constitute a projective 
C°°(X)-module of finite rank. The converse also is true by virtue of the well-known Serre- 
Swan theorem, extended to an arbitrary manifold X [19, 31]. In this case, a DGA Oq of 
exterior forms on Y is isomorphic to the minimal Chevalley-Eilenberg differential calculus 
over a real commutative ring C°°(Y) of smooth real functions on Y. Jet bundles J r Y — > X 
also are vector bundles. Then one can consider a differential graded subalgebra V* C O* 
of differential forms whose coefficients are polynomials in jet coordinates y\, < |A| < r, 
on J r Y — > X. In particular, V® is a C°°(X)-ring of polynomials of coordinates y\. One 
can associate to such a polynomial of degree m a section of a symmetric tensor product 
W(J k Y)* of the dual of a jet bundle J k Y — > X, and vice versa. A DGA V* is isomorphic to 
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the minimal Chevalley-Eilenberg differential calculus over a real ring Accordingly, there 
exists a differential graded subalgebra C O*^ of differential forms whose coefficients are 
polynomials in jet coordinates y\, < |A|, of the continuous bundle J°°Y — > X. This property 
is coordinate- independent due to the linear transition functions (3). In particular, is a 
ring of polynomials of coordinates y\, < |A|, with coefficients in a ring C°°(X). A DGA 
is the direct system of the above mentioned DGAs V®. It is split into a variational bicomplex. 
Its cohomology can be obtained [15, 17, 19, 34]. 

We follow this example in order to construct a Grassmann-graded variational bicomplex. 

3 Differential calculus over a graded commutative ring 

Let us start with the differential calculus over a graded commutative ring (henceforth GCR) 
as a generalization of that over a commutative ring. 

By a Grassmann gradation (or, simply, a gradation if there is no danger of confusion) 
throughout is meant a Z 2 -gradation. Hereafter, the symbol [.] stands for a Grassmann parity. 

An additive group A is said to be graded if it is a product A — Ao © Ai of two additive 
subgoups Ao and A\ whose elements are called even and odd, respectively. 

A an algebra A is called graded if it is a graded additive group so that 

[aa'\ — ([a] + [a 1 ]) mod 2, a G A[ a ], a' G A[ a >}- 

Its even part Ao is a subalgebra of A, while the odd one A\ is an ^4-module. If A is a graded 
ring, then [1] = 0. A graded ring A is called graded commutative if aa! = (— l)^ a '^a'a. 

Given a graded algebra A, an ^4-module Q is called graded if it is a graded additive group 
such that 

[aq] = [qa] = ([a] + [g])mod2, a £ A, q G Q. 

If A is a GCR, a graded v4-module Q usually is assumed to obey the condition qa = (— l)' a ^ag. 

In particular, a graded R-module B = B © B\ is called the graded vector space. It is said 
to be (n, Tridimensional if Bq = M™, B\ = R m . 

Let JC be a commutative ring. A graded algebra A is said to be a /C-algebra if it is a 
/C-module. For instance, it is called a real graded algebra if K, — R. 

Let ^4 be a GCR. The following are standard constructions of new graded ^4-modules from 
the old ones. 

• A direct sum of graded modules is defined just as that of modules over a commutative 
ring. 

• A tensor product P © Q of graded ^4-modules P and Q is an additive group generated 
by elements p © q, p G P, q G Q, obeying relations 

(p + p') ® q = p © q + p' © q, p ® {q + q') = p ® q + p ® q\ 
ap®q = (-l) [p][a] pa © q = (-l) [p][a] p © aq, a G A. 
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In particular, a tensor algebra £§>P of a graded A-module P is defined as that of a module 
over a commutative algebra. Its quotient AP with respect to an ideal generated by elements 

+ (-i) [p1[p V®p, Pip'^p, 

is a bigraded exterior algebra of a graded module P with respect to a graded exterior product 
pAp' = -(-l)blb'y Ap . 

• A morphism $ : P — >• Q of graded A-modules seen as additive groups is said to be 
an even (resp. odd) morphism if <3> preserves (resp. change) the Grassmann parity of all 
graded-homogeneous elements of P and if it obeys the relations 

$(ap) = (-l)l*l[ a W(p), peP, aeA. 

A morphism $ : P — >■ Q of graded A-modules as additive groups is called a graded A-module 
morphism if it is represented by a sum of even and odd morphisms. A set Hom_4(P, Q) of 
graded morphisms of P to Q is naturally a graded A-module. A graded A-module P* = 
Hom_4(P, A) is called the dual of a graded A-module P. 

A real graded algebra g is called a Lie superalgebra if its product [.,.], called the Lie 
superbracket, obeys relations 

[£,£'] =-(-l)M[*y,e], 

(-1)^"][6, [£',£"]] + (-1)^%', [£",£]] + (-1)™[ £ ", [£,£']] = 0. 

Obviously, an even part q of a Lie superalgebra g is a Lie algebra. A graded vector space P 
is called a g-module if it is provided with an R-bilinear map 

q x P 3 (e,p) ^ ep e P, [ep] = ([e] + [p])mod2, 
[e,e'b= (eoe'- (-l)H[ e V oe)p. 

Let A. be a real GCR. Let P and Q be graded A-modules. The real graded module 
Houlir(P, Q) of IR-linear graded homomorphisms $ : P — > Q can be endowed with the two 
graded .A-module structures 

(a$)(p) = a$(p), ($ • a)(p) = $(ap), aeA, p G P, 

called A- and A*-module structures, respectively. Let us put 

5 a $ = a $ - (-1)WW$ • a, aGA 

An element A e Hom R (P, Q) is said to be a Q- valued graded differential operator of order s 
on P if 5 ao o • • • o S aa A = for any tuple of s + 1 elements a , . . . , a s of A. 
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In particular, zero order graded differential operators coincide with graded ^4-module mor- 
phisms P — > Q. A first order graded differential operator A satisfies the relation 

5 a o 5 b A(p) = abA(p) - (-lY [b]+[Am bA(ap) - (-l) [b][A] aA(bp) + 
(_ 1) M[A]+([A] +W )[«] = 0j a,b e A, P eP. 

For instance, let P = A. A first order Q-valued graded differential operator A on A fulfils 
the condition 

A(ab) = A(a)b + (-I) [a][A] aA(6) - (-l) ([6]+[al)[A1 a6A(l), a, 6 G A. 

It is called a Q-valued graded derivation of A if A(l) = 0, i.e., the graded Leibniz rule 

A(ab) = A(a)b + (-l)^aA(b), a,b E A, 

holds. If d is a graded derivation of A, then ad is so for any a £ A. Hence, graded derivations 
of A constitute a graded A- module d(A, Q), called the graded derivation module. 

If Q = A, a graded derivation module dA also is a real Lie superalgebra with respect to a 
superbracket 

[u,u'\ =uo U '- (-l) M[tt Vou, u, u G A. (7) 

Then one can consider the Chevalley-Eilenberg complex C*[0^4; A] where a real GCR A is a 
regarded as an 0^4-module [14, 19]. It reads 

O^R ±+A ^C^d^A] ^■■■C k [dA;A] -U---, (8) 
C k [DA;A] = Eom R (AdA,A). 

k 

Let us bring homogeneous elements of A dA into the form 

£i A • • • e r A e r+ i A • • • A e k , £j G (3«4)o, G (fl«4)i- 
Then an even coboundary operator d of the complex (8) is given by the expression 

dc(ei A • • • A e r A e 1 A • • • A e s ) = (9) 

r 

^(-ly^c^i A • • • ei • • • A e r A e 1 A • • • e s ) + 

i=i 

s 

^(-l) r £ic(ei A • • • A £ r A ei A • • • €j • • ■ A e s ) + 
^ (-l) J+ - J c([£j,£j] A £i A • • - Si • • -ij ■ ■ • A e r A ei A • • • A e s ) + 

l<i<7<r 

c([ei, 6j] A £i A • • • A £ r A ei A • • • ?j • • • ?j • • • A e a ) + 
2 (-l) i+r+1 c([£i, 6j] A £i A • • • £j • • • A £ r A ei A • • • ?j • • • A e s ) , 

l<i<r,l<j<s 
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where the caret ~ denotes omission. 

It is easily justified that the complex (8) contains a subcomplex 0*[i>^4] of ^4-linear graded 
morphisms. It is provided with a structure of a bigraded *4-algebra with respect to a graded 
exterior product 

(f>A(/>\u 1 ,...,u r+s )= J2 sgn^;;;^''' Js 0(ti il ,...,u i j0 / (u J - 1 ,...,« J -j, (10) 

ii<— <i r ;ji<— <j s 

where ui, . . . , u r+s are graded- homogeneous elements of DA and 

U\ A • • • A -u r+s = Sgn^+s 1 " : ' s Mj 1 A • • • A u ir A A • • • A Uj s . 

The coboundary operator d (9) and the graded exterior product A (10) bring into a 

differential bigraded algebra (henceforth DBGA) whose elements obey relations 

A 0' = (-1)H^'I+W]0' A 0, d(0 A 0') = d(f) A 0' + (-1)^0 A 

It is called the graded Chevalley-Eilenberg differential calculus over a real GCR A. 
In particular, we have 

O^DA] = Hom^(0^,^) = DA*. (11) 

One can extend this duality relation to the graded interior product of u G D A with any element 
G C*[n^4] by the rules 

u\ (bda) = {-l) [u][b] bu{a), a,beA, 
«J(0A0') = («J0) A0' + (-1)^ i+mm 0A (mJ0')- 

As a consequence, any graded derivation u G 0^4 of A yields a derivation 
L u = u\d4> + d(u\4>), <f>eO*[QA], uedA, 

L u (0 A 00 = L u (0) A 0' + (-1)»]0 A L u (0'), 

called the graded Lie derivative of a DBGA 0*[D*4]. 

Note that, if A is a commutative ring, the graded Chevalley-Eilenberg differential calculus 
comes to the familiar one. 

The minimal graded Chevalley-Eilenberg differential calculus O* A C 0*[t>*4.] over a GCR 
A consists of monomials a dai A • ■ ■ A dak, &i G A. The corresponding complex 

O^R^i A--- (12) 

is called the bigraded de Rham complex of a real GCR A. 
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4 Differential calculus on graded manifolds 

As was mentioned above, we follow Serre-Swan Theorem 5 below and consider a real GCR 
A of graded functions on a graded manifold. Then the minimal graded Chevalley-Eilenberg 
differential calculus 0*A over A is a DBGA of graded exterior forms on this graded manifold 
[17, 19, 34]. 

A real GCR A is called the Grassmann algebra if it is a free ring such that 

A = A © Ax = (R © (Ax) 2 ) © Ai, 

i.e., a Grassmann algebra is generated by the unit element 1 and its odd elements. Note that 
there is a different definition of a Grassmann algebra [25]. 

Hereafter, we restrict our consideration to Grassmann algebras which are finite-dimensional 
vector spaces. In this case, there exists a real vector space V such that A = AV is its exterior 
algebra endowed with the Grassmann gradation 

AV, A 1= A V. (13) 

k=l k=l 

One calls dim\/ the rank of a Grassmann algebra A. Given a basis {c 1 } for a vector space V, 
elements of the Grassmann algebra A (13) take the form 

0> — ^ ^ a h—ik C 1 ' ' ' C k i 
fe=0,l,... (ii-i fc ) 

where the second sum runs through all the tuples (ii • • • ik) such that no two of them are 
permutations of each other. 

A graded manifold of dimension (n, m) is defined as a local-ringed space (Z, 21) whose body 
Z is an n-dimensional smooth manifold and whose structure sheaf 21 = 2lo © 2ti is a sheaf of 
Grassmann algebras of rank m such that [5, 19]: 

• there is an exact sequence of sheaves 

0->ft->2l^>C^->0, K = 2li + (2li) 2 , 

where is a sheaf of smooth real functions on Z\ 

• 1Z/1Z 2 is a locally free sheaf of C^-modules of finite rank (with respect to pointwise 
operations), and a sheaf 21 is locally isomorphic to an exterior product Ac^{Ti/Tl 2 )- 

Sections of a sheaf 21 are called graded functions on a graded manifold (Z, 21). They make 
up a real GCR 2l(Z) which is a C 00 (Z)-ring, called the structure ring of (Z, 21). Let us recall 
the well-known Batchelor theorem [5, 19]. 

Theorem 4. Let (Z, 21) be a graded manifold. There exists a vector bundle E — >■ Z with 
an m- dimensional typical fibre V such that the structure sheaf 21 of (Z, 21) is isomorphic to 
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the structure sheaf % E = S AE * of germs of sections of an exterior bundle AE* , whose typical 
fibre is a Grassmann algebra A = AV* . 

Though Batchelor's isomorphism in Theorem 4 fails to be canonical, we restrict our con- 
sideration to graded manifolds (Z, 21e), called simple graded manifolds modelled over a vector 
bundle E — >■ Z. Accordingly, the structure ring A E of a simple graded manifold (Z,Ql E ) is a 
module A E = AE*(Z) of sections of an exterior bundle AE*. 

The above-mentioned Serre-Swan theorem and Theorem 4 lead to the Serre-Swan theorem 
for graded manifolds [7, 19]. 

Theorem 5. Let Z be a smooth manifold. A C°°(Z)-GCR A is generated by some 
projective C°°{Z)-module of finite rank iff it is isomorphic to the structure ring %L(Z) of some 
graded manifold (Z, 21) with a body Z. 

Given a simple graded manifold (Z, 2lg), a trivialization chart (U; z A , y a ) of a vector bundle 
E — )■ Z yields its splitting domain (U ; z A , c a ). Graded functions on it are A- valued functions 

m i 

f=EljU-a k (z)c ai ---C a \ (14) 
fc=0 K - 

where f ai -a k {z) are smooth functions on U and {c a } is a fibre basis for E* . One calls {z A , c a } 
the local basis for a graded manifold (Z,$l E ) [5, 19]. Transition functions y' a = pl(z A )y b of 
bundle coordinates on E — > Z yield the corresponding transformation c' a = pl(z A )c b of the as- 
sociated local basis for a graded manifold (Z, 2lg) and the according coordinate transformation 
law of graded functions (14). 

Given a graded manifold (Z, 21), let X>Ql(Z) be a graded derivation module of its real 
structure ring 2l(Z). Its elements are called graded vector fields on a graded manifold (Z, 21). 
A key point is that graded vector fields u G dA E on a simple graded manifold (Z, 21e) can be 
represented by sections of some vector bundle as follows [17, 19]. Due to a canonical splitting 
V E = ExE, the vertical tangent bundle VE of E — > Z can be provided with fibre bases {<9 a }, 
which are the duals of bases {c a }. Then graded vector fields on a splitting domain {U ; z A , c a ) 
of (Z, 21b) read 

u = u A d A + u a d a , (15) 
where u A ,u a are local A-valued functions on U. In particular, 

d a °d b = -d b o d a , d A od a = d a o d A . 
The graded derivations (15) act on graded functions / G 21e(£/) (14) by the rule 

u{f a ... b C a ■■■C b )= U A d A (f a ... b )c a ■■■C b + U k f a ... b d k \ (C a ■ ■ ■ C b ). (16) 

This rule implies the corresponding coordinate transformation law 

u lA = U A , U ,a = P y + u^My 
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of graded vector fields. It follows that graded vector fields (15) can be represented by sections 

of a vector bundle Ve which is locally isomorphic to a vector bundle AE* <g>(E @TZ). 

z z 

Given a real GCR Ae of graded functions on a graded manifold (Z, and a real Lie 
superalgebra DAe of its graded derivations, let us consider the graded Chevalley-Eilenberg 
differential calculus 

S*[E;Z] = 0*[dA E ] (17) 

over Ae- Since a graded derivation module DAe is isomorphic to a module of sections of 
a vector bundle Ve — > Z, elements of S*[E;Z] are represented by sections of an exterior 
bundle AVe of the AE^-dual Ve — Z of Ve which is locally isomorphic to a vector bundle 

AE* ®{E* ®T*Z). With respect to the dual fibre bases {dz A } for T*Z and {dc b } for E*, 

z z 

sections of Ve take the coordinate form 

(f) = cf) A dz A + <p a dc\ <j>' a = p- lb a (f> b , <p' A = <p A + p~ lb a d A (p^)<p b c> , 

<f>A, fa are local A-valued functions on U. The duality isomorphism S l [E\Z] = DA* E (11) is 
given by a graded interior product 

M j0 = M A ^ + (-l) [ ^ M a a . 

Elements of S*[E; Z\ are called graded exterior forms on a graded manifold (Z, 21b). 

Seen as an ^4 s -algebra, the DBGA «S*[£'; Z] (17) on a splitting domain (U ; z A , c a ) is locally 
generated by graded one-forms dz A , dc l such that 

dz A A dc l = -de 1 A dz A , dc l A dc j = dc j A dc\ 

Accordingly, the coboundary operator d (9), called the graded exterior differential, reads 

d(p = dz A A d A (p + dc a A d a (j), 

where derivatives d A , d a act on coefficients of graded exterior forms by the formula (16), and 
they are graded commutative with graded forms dz A , dc a . 

Lemma 6. The DBGA S*[E; Z] (17) is a minimal differential calculus over Ae [19]. 
The bigraded de Rham complex (12) of the minimal graded Chevalley-Eilenberg differential 
calculus S*[E; Z] reads 

O^R^^e ^S l [E-Z] ^■■■S k [E-Z] (18) 

Its cohomology H*(Ae) is called the de Rham cohomology of a graded manifold (Z, 21b). In 
particular, given a DGA 0*(Z) of exterior forms on Z, there exists a canonical monomorphism 

0*(Z)^S*[E;Z] (19) 
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and a body epimorphism S*[E; Z] — > 0*(Z) which are cochain morphisms of the de Rham 
complex (18) and the de Rham complex of 0*(Z). Then one can show the following [19, 34]. 

Theorem 7. The de Rham cohomology of a graded manifold [Z,%e] equals the de Rham 
cohomology of its body Z . 

Corollary 8. Any closed graded exterior form is decomposed into a sum = a + 
where a is a closed exterior form on Z. 

5 Grassmann-graded variational bicomplex 

Let X be an n-dimensional smooth manifold and Y — > X a vector bundle over X. In Remark 
2, we mention a polynomial variational bicomplex of a DGA V^. The latter is the direct limit 
of DGAs V* where V* is the minimal Chevalley-Eilenberg differential calculus over a ring P° 
of sections of symmetric tensor products of a vector jet bundle J r Y — > X. 

Let (X, QIe) be a simple graded manifold modelled over a vector bundle E — > X. Any jet 
bundle J r E — )■ X also is a vector bundle. Then let (X, Ajte) denote a simple graded manifold 
modelled over a vector bundle J r E — > X. Its structure module Ajte is a real GCR of sections 
of an exterior bundle A(J r E)* where (J r E)* denotes the dual of J'E -> X. Let S*[J r E,X] 
be the minimal Chevalley-Eilenberg differential calculus over a real GCR Ajte- It is a BGDA 
of graded exterior forms on a simple graded manifold (X,Ajr E )- There is a direct system 



of BGDAs S*[J r E,X]. Its direct limit S^[E;X] is the Grassmann-graded counterpart of 
the above mentioned DGA V^. A BDGA S^[E;X] is split into a Grassmann-graded varia- 
tional bicomplex which leads to graded Lagrangian formalism of odd variables represented by 
generating elements of the structure ring Ae of a graded manifold (X, [17, 19, 34]. 

Note that the definition of jets of these odd variables as elements of structure rings of 
graded manifolds Ajte differs from that of jets of fibred graded manifolds [23, 29], but it 
reproduces the heuristic notion of jets of odd variables in Lagrangian field theory [4, 10]. 

In order to formulate graded Lagrangian theory both of even and odd variables, let us 
consider a composite bundle F — > Y — > X where F — > Y is a vector bundle provided with 
bundle coordinates (x x ,y\q a ). Jet manifolds J r F of F — > X also are vector bundles J r F — > 
J r Y coordinated by (x x , y\, q£), < |A| < r. Let (J r Y,%.) (where J°Y = Y,% = 2t F ) be 
a simple graded manifold modelled over such a vector bundle. Its local basis is (x x , y\, c%), 
< |A| < r. Let S;[F;Y] = S?[J r F; J r Y] denote a DBGA of graded exterior forms on a 
graded manifold (J r Y, 2l r ). In particular, there is the cochain monomorphism (19): 



S*[E;X] 



S^E-X] 




0* r = 0*(J r Y) -)• S* r [F;Y]. 



(20) 
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A surjection -n r r +1 : J r+l Y —t J r Y yields an epimorphism of graded manifolds 
« +1 ,7f; +1 ) : (J r+1 Y,Vl r+1 ) (J r F,2l r ), 



including a sheaf monomorphism n r r +1 : ir r r +1 *%. — > 2l r+ i, where 7r£ +1 *2l r is the pull-back 
onto J r+1 Y of a continuous fibre bundle 2l r — >■ J r F. This sheaf monomorphism induces a 
monomorphism of canonical presheaves 2t r — >■ 2l r+ i, which associates to each open subset 
U C J r+1 Y a ring of sections of 2l r over n r r +l {U). Accordingly, there is a monomorphism 



7Tl +1 * 



:5 r [F;F]^^ +1 [F;r] (21) 



of structure rings of graded functions on graded manifolds (J r Y,2l r ) and ( J r+1 Y, 2t r+1 ). By 
virtue of Lemma 6, the differential calculus S*[F; Y] and S* +1 [F; Y] are minimal. Therefore, 
the monomorphism (21) yields a monomorphism of DBGAs 

: S* r [F;Y] S* r+1 [F;Y\. (22) 

As a consequence, we have a direct system of DBGAs 

S* [F; Y] A 5* [F; y] — > • • • 5 r *_! [F; Y] ^ S r * [F;Y] (23) 

Its direct limit S^fFjF] consists of all graded exterior forms G S*[F r ;J r Y] on graded 
manifolds (J r F, 2l r ) modulo the monomorphisms (22). 

The cochain monomorphisms O* — > S*.[F; Y] (20) provide a monomorphism of the direct 
system (5) to the direct system (23) and, consequently, a monomorphism 

Ol^S*jF;Y] (24) 

of their direct limits. In particular, iS^JF; Y] is an (9^,-algebra. Accordingly, the body epi- 
morphisms S* [F; Y] — > O* yield an epimorphism of (9^,-algebras 

S^F-Y] ^ O^. (25) 

It is readily observed that the morphisms (24) and (25) are cochain morphisms between the 
de Rham complex (6) of a DGA O*^ and the de Rham complex 

0->R — ►SS^jY] JL>sl[F;Y]--- J^ 5 *[j? ; y] _> . . . ( 26 ) 

of a DBGA <S^[F; Y]. Moreover, the corresponding homomorphisms of cohomology groups of 
these complexes are isomorphisms as follows. 

Theorem 9. There is an isomorphism 

H*(S* 00 [F;Y]) = H* DR (y) (27) 
of the cohomology of the de Rham complex (26) to the de Rham cohomology ofY. 
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Proof. The complex (26) is the direct limit of the de Rham complexes of DBG As S* [F; Y\. 
In accordance with the well-known theorem [19, 28], the direct limit of cohomology groups 
of these complexes is the cohomology of the de Rham complex (26). By virtue of Theorem 
7, cohomology of the de Rham complex of S* [F; Y] equals the de Rham cohomology of J r Y 
and, consequently, that of Y, which is the strong deformation retract of any jet manifold J r Y 
because J k Y — > J k ~ 1 Y are affine bundles. Hence, the isomorphism (27) holds. □ 

Corollary 10. Any closed graded form <fi e S^F-jY] is decomposed into the sum 
(ft = a + d£ where a is a closed exterior form on Y . 

One can think of elements of <S^[F;y] as being graded differential forms on an infinite 
order jet manifold J°°Y. Indeed, let &*[F; Y] be a sheaf of DBGAs on J r Y and G* r [F; Y] its 
canonical presheaf. Then the above mentioned presheaf monomorphisms 2t r — > %l r +i yield a 
direct system of presheaves 

whose direct limit <5^[F; Y] is a presheaf of DBGAs on an infinite order jet manifold J°°Y. 
Let [F; F] be a sheaf of DBGAs of germs of a presheaf 6^[F;F]. One can think of a 
pair (J°°Y, Q^J-F; Y]) as being a graded Frechet manifold, whose body is an infinite order 
jet manifold J°°Y and a structure sheaf H^JF; Y\ is a sheaf of germs of graded functions on 
graded manifolds (J r Y, %.). The structure module Q^fFjF] = r(0£jF;F]) of sections of 
O^fF; Y\ is a DBGA such that, given an element <p £ Qlol^'i Y\ and a point z G J°°Y, there 
exist an open neighbourhood U of z and a graded exterior form (p^ on some finite order jet 
manifold J k Y so that <j>\u = n^^lu- 

In particular, there is a monomorphism «S^[F;y] — > Q£jF;y]. Due to this monomor- 
phism, one can restrict S^[F; Y] to the coordinate chart (3) of J°°Y and can say that S^[F; Y] 
as an (9^-algebra is locally generated by elements 

(c a A , dx\ 9 a A = dc a A - c a x+A dx\ 9\ = dy\ - y{ +A dx x ), < |A|, 

where c A , 9 A are odd and dx x , 9\ are even. We agree to call (y l , c a ) the local generating basis 
for iS^JF; Y\. Let the collective symbol s A stand for its elements. Accordingly, the notations 
s A of their jets and 9 A = ds A — s A +A dx x of contact forms are introduced. For the sake of 
simplicity, we further denote [A] = [s A ]. 

A DBGA S^[F;F] is decomposed into S^[F; F]-modules S^ r [F;Y] of A;-contact and r- 
horizontal graded forms together with the corresponding projections 

h k :S*JF;Y}^ <S£* [F ; Y], h m : ^ [F ; Y] S^ m [F;Y\. 

Accordingly, a graded exterior differential d on [F; Y] falls into the sum d — dy + dn of a 
vertical graded differential 

d v oh m = h m odoh m , d v (<j>) = e£Ad%<i>, (j) e S^F-Y], 
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and a total graded differential 

d H o h k = h k o do h k , d H oh = h od, d H (4>) = dx x A d x ((f>), 

dx = d x + £ Si + A 
0<|A| 

These differentials obey the nilpotent relations 
d 2 H = 0, dy = 0, djjdy + dydu = 0. 
A DBGA «S^[F; Y] also is provided with a graded projection endomorphism 

Q=Y.h°h k oh n : S*>°> n [F; Y] S*>°' n [F; F], 

fe>0 K 

5(0 = £(-i) |A| A A[d A (^J0)], 0e«S>°'"[F ; y], 

0<|A| 

such that go dn — 0, and with a nilpotent graded variational operator 

5 = god:SZ n [F;Y]^S£ 1 > n [F;Y]. 
These operators split a DBGA S^[F] Y] into a Grassmann-graded variational bicomplex 

5^[F; y] % S£[F- t Y]%... S^[F; Y] 4 g(S^[F; F]) 

dyj <iyj dyj — tf| 

O^M^ <S^[F;F] ^ ^[^^^••- 5^[F;y]= S^Y] ( 28 ) 
I I t 

o^m^ o°(x) 4 o\x) c n (x) 4 o 

t t t 



We restrict our consideration to its short variational subcomplex 

_> R _> S °JF; Y] ^S°^[F; Y] • • • ^S°^[F; Y] -i* e(S£[F; Y]) (29) 
and a subcomplex of one-contact graded forms 

<S^[F; y] ^<S^[F; F] • • • ^«S^[F; F] ^ ^[F; F]) 0. (30) 

Theorem 11. Cohomology of the complex (29) equals the de Rham cohomology ofY. 

Theorem 12. ITie complex (30) is exact. 
These theorems are proved in Appendix B. 
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6 Graded Lagrangian formalism 

Decomposed into the variational bicomplex, a DBGA S^[F;Y] describes graded Lagrangian 
theory on a graded manifold (Y, 2lp). Its graded Lagrangian is defined as an element 

L = £u e S%?[F;Y], u = dx 1 A---Adx n , 

of the graded variational complex (29). Accordingly, a graded exterior form 

SL = 6 A A = £ (-l) |A| ^ A A d K {d\C)u E e(Sl?[F; Y]) (31) 

0<|A| 

is said to be its graded Euler-Lagrange operator. We agree to call a pair (<S^ n [F; Y], L) the 
graded Lagrangian system. 

The following is a corollary of Theorems 11 and 32 [17, 19]. 

Theorem 13. Every dn-closed graded form <fi e S^ rn<n [F; Y] falls into the sum 

( /> = h <T + d H Z, ZeS^-^Y], 

where a is a closed m-form on Y. Any 5-closed (i.e., variationally trivial) graded Lagrangian 
L e S%?[F;Y] is the sum 

L = h a + d H £, t e S^-^FiY], 

where a is a closed n-form on Y . 

The exactness of the complex (30) at a term <S^ n [F; Y] results in the following [17, 19]. 

Theorem 14. Given a graded Lagrangian L, there is the decomposition 

dL = 5L-d H E L , SeS^Fjy], (32) 
E L = L + A F a s - M1 ^ " X = d x \co, (33) 

s=0 

F^- M1 = d u A k - Ml C - d x F^ k - M1 + a u A k - M1 , k = 1, 2, . . . , 

where local graded functions a obey the relations a v A = 0, (J ^ kVk - 1 ^- Vl — o. 

Proof. The decomposition (32) is a straightforward consequence of the exactness of the 
complex (30) at a term <S^ n [F, Y] and the fact that g is a projector. The coordinate expression 
(33) results from a direct computation 

-d H E = -d H [6 A F x A + 9 A F A U + ■■■ + 6t.. Vl F^- Vl 

A Ft**"" + • • •] A u\ — [9 A d x F\ + A (F A + d x F?) + ■■■ 
+Qi + ^.., 1 {FT 1V8 -- M1 + d x F^-^) + ■ ■ •] A U = 
[0 A d x F\ + B A {d\L) + ■■■ + + • • •] A u> = 

9 A (d x F\ - d A C) Aco + dL = -5L + dL. 
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□ 

The form (33) provides a global Lepage equivalent of a graded Lagrangian L. 

Given a graded Lagrangian system (<S^[F; Y], L), by its infinitesimal transformations are 
meant contact graded derivations of a real GCR <S£JF;Y]. They constitute a <S£JF;Y]- 
module dS^[F;Y] which is a real Lie superalgebra with respect to the Lie superbracket (7). 
The following holds [17, 19]. 

Theorem 15. The derivation module D«SJ^[F;Y] is isomorphic to the *S£JF; Y]-dual 
(<S^[F; Y])* of a module of graded one-forms S^[F;Y]. It follows that a DBGA S^[F;Y] 
is the minimal Chevalley-Eilenberg differential calculus over a real GCR <S^JF; Y\. 

Let -#J0, d G 0<S£jF;Y], G «S^[F;Y], denote the corresponding interior product. Ex- 
tended to a DBGA S^[F; Y], it obeys the rule 

tfj(0Aa) = A<t + (-1) w+M[,, Va(7?J(t), 0,<t G<S^ [F;Y]. 

Restricted to the coordinate chart (3) of J°°Y, the algebra <S^[F;Y] is a free <S^[F; Y]- 
module generated by one-forms dx x , 9ft. Due to the isomorphism stated in Theorem 15, any 
graded derivation d G dS^ [F; Y] takes the local form 

& = &*d x + & A d A + E < d A, (34) 

0<|A| 

where d\\dy^ = S^S^ up to permutations of multi-indices A and E. Every graded derivation 
$ (34) yields a graded Lie derivative 

U<P = $\d(j) + L^(0 A cr) = L*(0) A o" + (-1)^0 A M<j), 

of a DBGA <S^[F;Y]. 

A graded derivation i? (34) is called contact if a Lie derivative L# preserves an ideal of 
contact graded forms of a DBGA S^[F; Y\. It takes the form 

■& = VH + Vv = v x d x + [v A d A + E d A (*/ - s A v^d% (35) 

|A|>0 

where f# and vy denotes the horizontal and vertical parts of d [17, 19]. A glance at the 
expression (35) shows that a contact graded derivation i? as an infinite order jet prolongation 
of its restriction 

v = v x d x + v A d A (36) 

to a GCR S^fF; Y]. Since coefficients $ A and $ l depend on jet coordinates y\, < |A|, in 
general, one calls v (36) a generalized vector field. 

Theorem 16. A corollary of the decomposition (32) is that the Lie derivative of a graded 
Lagrangian along any contact graded derivation (35) obeys the first variational formula 

UL = v v \5L + d H (h (#\Z L )) + d v (v H \cu)£, (37) 
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where S^, is the Lepage equivalent (33) of L [6, 17]. 

A contact graded derivation d (35) is called a variational symmetry of a graded Lagrangian 
L if the Lie derivative L$L is d#-exact, i.e., L#L = o^er. 

Lemma 17. ^4 glance at the expression (37) shows the following, (i) A contact graded 
derivation i? is a variational symmetry only if it is projected onto X . (ii) Any projectable con- 
tact graded derivation is a variational symmetry of a variationally trivial graded Lagrangian. 
(Hi) A contact graded derivations i? is a variational symmetry iff its vertical part vy (35) is 
well, (iv) It is a variational symmetry iff a graded density vy\SL is dn -exact. 

Note that generalized symmetries of differential equations and Lagrangians of even vari- 
ables has been intensively studied [3, 26, 30]. 

Theorem 18. If a contact graded derivation $ (35) is a variational symmetry of a graded 
Lagrangian L, the first variational formula (37) restricted to KerSL leads to the weak conser- 
vation law 



For the sake of brevity, the common symbol v further stands for the generalized graded 
vector field v (36), a contact graded derivation $ determined by v , and a Lie derivative L#. 

A vertical contact graded derivation v = v a 8a is said to be nilpotent if v(v<j>) = for 
any horizontal graded form e S^* [F, Y] . It is nilpotent only if it is odd and iff the equality 
v(v A ) = holds for all v A [17]. 

Remark 3. For the sake of convenience, right derivations v =d av a also are considered. 
They act on graded functions and differential forms on the right by the rules 



7 Noether identities 

Let (*S^[F; Y], L) be a graded Lagrangian system. Describing its Noether identities, we follow 
the general analysis of Noether identities of differential operators on fibre bundles [33]. 

Without a lose of generality, let a Lagrangian L be even. Its Euler-Lagrange operator SL 
(31) takes its values into a graded vector bundle 



0nd H (h o (#\Z L )-a). 



v(4>) = d(f)[v -\-d(4>\y) , 
0AA[d SB = S A 5l 



tJ(0 A 0') = (-l)M v{4>) A 0' + A t7(0'), 



VF = V*F ® A T*X ->• F, 



(38) 



F 
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where V*F is the vertical cotangent bundle of F — > X. It however is not a vector bundle over 
Y . Therefore, we restrict our consideration to the case of a pull-back composite bundle 

F = YxF 1 ^Y^X, (39) 

x 

where F 1 — > X is a vector bundle. 

Remark 4. Let us introduce the following notation. Given the vertical tangent bundle 
VE of a fibre bundle E — >■ X, by its density-dual bundle is meant a fibre bundle 



VE = V*E <g) A T*X. (40) 



If — )■ X is a vector bundle, we have 



n 



VE = ExE, E = E* ®AT*X, 
x x 

where E is called the density-dual of E. Let E = E° (Bx E l be a graded vector bundle over 
X. Its graded density-dual is defined as E = E (Bx E . In these terms, we treat a composite 
bundle F as a graded vector bundle over Y possessing only an odd part. The density-dual VF 
(40) of the vertical tangent bundle VF of F — > X is VF (38). If F is the pull-back bundle 
(39), then 



VF — ((F © V*Y) <p) A T*X) © F (41) 

is a graded vector bundle over Y. Given a graded vector bundle E = E° (By E 1 over F, we 
consider a composite bundle E — )■ -E — > X and a DBGA 

V* 00 [E;Y]=S* 00 [E;E ]. (42) 



Lemma 19. One can associate to any graded Lagrangian system (<S^[F; Y], L) the chain 
complex (43) whose one-boundaries vanish on KerSL. 

Proof. Let us consider the density-dual VF (41) of the vertical tangent bundle VF — > F, 
and let us enlarge an original algebra S^[F;Y] to the DBGA V^[VF;Y] (42) with a local 
generating basis (s A ,s A ), [s A ] = ([A] + l)mod2. Following the physical terminology [4, 21], 
we agree to call its elements sa the antifields of antifield number Ant \sa] = 1- A DBGA 
VUyF^Y] is endowed with a nilpotent right graded derivation 5 =d a £a, where Sa are the 
variational derivatives (31). Then we have a chain complex 

O^lm^ ^-?^[FF; y]i ^^ n [FF;F] 2 (43) 

of graded densities of antifield number < 2. Its one-boundaries 5$, $ G V^lVF; Y] 2 , by very 
definition, vanish on Ker SL. □ 
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Any one-cycle 

$ = £ <S> A > A s AA u G V°^[VF; Y]i (44) 

0<|A| 



of the complex (43) is a differential operator on a fibre bundle V^F such that it is linear on 
fibres of VF — > F and its kernel contains the graded Euler-Lagrange operator 5L (31), i.e., 

M = 0, ^ A,A d A S A uj = 0. (45) 

0<|A| 

These equalities are Noether identities of an Euler-Lagrange operator 5L [6, 8, 33]. 

In particular, one-chains $ (44) are necessarily Noether identities if they are boundaries. 
Therefore, these Noether identities are called trivial. Accordingly, non-trivial Noether iden- 
tities modulo the trivial ones are associated to elements of the first homology Hi(5) of the 
complex (43). A Lagrangian L is called degenerate if there are non-trivial Noether identities. 

Non-trivial Noether identities can obey first-stage Noether identities. In order to describe 
them, let us assume that the module Hi(S) is finitely generated. Namely, there exists a graded 
projective C°°(X)-module C(p) C Hi(S) of finite rank possessing a local basis {A r u}: 

A r co = £ Af' A s AA u, A^ G S°JF; Y1, (46) 

0<|A| 

such that any element $ G Hi(5) factorizes as 

$ = ^d s A r tu, <T< S G S ^ [F ; Y] , (47) 

0<|S| 

through elements (46) of C(o). Thus, all non-trivial Noether identities (45) result from Noether 
identities 

5A r = J2 ^' A d K £A = 0, (48) 

0<|A| 

called the complete Noether identities. 

Lemma 20. If the homology Hi(S) of the complex (43) is finitely generated in the above 
mentioned sense, this complex can be extended to the one-exact chain complex (50) with a 
boundary operator whose nilpotency conditions are equivalent to the complete Noether identities 
(48). 

Proof. By virtue of Serre-Swan Theorem 5, a graded module C( ) is isomorphic to a 
module of sections of the density-dual E of some graded vector bundle E — > X. Let us 
enlarge V^[VF; Y] to a DBG A 



V OQ {0} = V*JVF®E ;Y] (49) 
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possessing the local generating basis (s A , s A , c r ) where c r are antifields of Grassmann parity 

[c r ] = ([A r ] + l)mod2 and antifield number Ant[c r ] = 2. The DBGA (49) is provided with 

_ <— 

an odd right graded derivation 5q = 5+ d r A r which is nilpotent iff the complete Noether 
identities (48) hold. Then 5q is a boundary operator of a chain complex 

O^slv^iVF^t^^Ohtv^'iO}, (50) 

of graded densities of antifield number < 3. Let H*(5 ) denote its homology. We have H (S ) = 
H (5) = 0. Furthermore, any one-cycle $ up to a boundary takes the form (47) and, therefore, 
it is a (^-boundary 

$ = J2 $ r ' S rf S A r w = 5 ( E $ r ' 5 csr^). 

0<|E| 0<|S| 

Hence, Hi(Sq) = 0, i.e., the complex (50) is one-exact. □ 
Let us consider the second homology H 2 (Sq) of the complex (50). Its two-chains read 

<S> = G + H= ]T G r > A c Ar ou + ]T H^ B ^s AA s^ B co. (51) 

0<|A| 0<|A|,|E| 

Its two-cycles define first-stage Noether identities 

5 $ = o, J2 G r ' A d A A r uj = -5H. (52) 

0<|A| 

Conversely, let the equality (52) hold. Then it is a cycle condition of the two-chain (51). 

The first-stage Noether identities (52) are trivial either if a two-cycle $ (51) is a 5 - 
boundary or its summand G vanishes on Ker 5L. Therefore, non-trivial first-stage Noether 
identities fails to exhaust the second homology H 2 (5o) the complex (50) in general. 

Lemma 21. Non-trivial first-stage Noether identities modulo the trivial ones are identified 
with elements of the homology H 2 (5 ) iff any S-cycle <p G V° c ^{0}2 is a 5o-boundary. 

Proof. It suffices to show that, if the summand G of a two-cycle $ (51) is 5-exact, then 
$ is a boundary. If G = 5^/, let us write 

$ = S ^ + (5-5 )^ + H. (53) 

Hence, the cycle condition (52) reads 

5 $ = S((6 - 5 )^ + H) = 0. 

Since any 5-cycle G P ro {0)2, by assumption, is <5 -exact, then (5— S )^/+H is a <5 -boundary. 
Consequently, $ (53) is <5 -exact. Conversely, let $ G V° c ^{0} 2 be a 5-cycle, i.e., 

M = 2& a ' A K b ^s aa 5sx B uj = 2& A ' A ^h AA d s £ B uj = 0. 
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It follows that $( A ' A )(- B,E )(5s S £ = for all indices (A, A). Omitting a 5-boundary term, we 
obtain 

£(A,A)(B,S) 5eb = G (A,A)(r,S) dsAr _ 

Hence, $ takes the form <3> = G'^'^^G^ArSAAW. Then there exists a three-chain ^ = 

G>(AA)(r,5)c Er s AAUJ guch that 

5 tf = $ + a = $ + G"^ AKr ' s) d A £ A c Sr co. (54) 

Owing to the equality 5$ = 0, we have Sqc = 0. Thus, a in the expression (54) is 5-exact Sq- 
cycle. By assumption, it is oVexact, i.e., a = 5qi{}. Consequently, a 5-cycle $ is a ^-boundary 
$ = S ^ - 5 ip. □ 
A degenerate Lagrangian system is called reducible if it admits non-trivial first stage 
Noether identities. 

If the condition of Lemma 21 is satisfied, let us assume that non-trivial first-stage Noether 
identities are finitely generated as follows. There exists a graded projective C 00 (X)-module 
C(i) C H 2 (5 ) of finite rank possessing a local basis {A ri u;}: 

A ri co = Y A^c\ r u + h ri u, (55) 

0<|A| 

such that any element $ G H 2 (5 ) factorizes as 

$ = £ ^d s A ri u, <F- S G S^F; Y], (56) 

0<|S| 

through elements (55) of C(i). Thus, all non-trivial first-stage Noether identities (52) result 
from the equalities 

£ A;;%A r +^ ri =0, (57) 

0<|A| 

called the complete first-stage Noether identities. 

Lemma 22. The one-exact complex (50) of a reducible Lagrangian system is extended to 
the two-exact one (58) with a boundary operator whose nilpotency conditions are equivalent to 
the complete Noether identities (48) and the complete first-stage Noether identities (57). 

Proof. By virtue of Serre-Swan Theorem 5, a graded module C(i) is isomorphic to a 
module of sections of the density-dual E 1 of some graded vector bundle E\ — >■ X. Let us 
enlarge the DBGA ^{0} (49) to a DBGA 



V oo {l} = V*jVF®E ®E 1 ;Y] 

possessing a local generating basis {s A , sa, c r , c ri } where c n are first stage Noether antifields 
of Grassmann parity [c n ] = ([A r J + l)mod2 and antifield number Ant[c n ] = 3. This DBGA 



22 



is provided with an odd right graded derivation S\ = 5q+ d ri A ri which is nilpotent iff the 
complete Noether identities (48) and the complete first-stage Noether identities (57) hold. 
Then 5\ is a boundary operator of a chain complex 

0^I m 5^^[T^;r] 1 ^^ t {0} 2 ^^ n {l} 3 ^P o ; n {l}4 (58) 

of graded densities of antifield number < 4. Let H*(6i) denote its homology. It is readily 
observed that 

iZo(<fi) = H (S), = H^So) = 0. 

By virtue of the expression (56), any two-cycle of the complex (58) is a boundary 

$ = <5> ri ' s d E A ri u = (Jx( ® ri ' S c Sri uj). 

0<|S| 0<|S| 

It follows that H 2 (5i) = 0, i.e., the complex (58) is two-exact. □ 
If the third homology H 3 (5i) of the complex (58) is not trivial, its elements correspond to 

second-stage Noether identities which the complete first-stage ones satisfy, and so on. Iterating 

the arguments, one comes to the following. 

A degenerate graded Lagrangian system (<S^ [F; Y] , L) is called iV-stage reducible if it 

admits finitely generated non-trivial iV-stage Noether identities, but no non-trivial (N + 1)- 

stage ones. It is characterized as follows [7, 8]. 

• There are graded vector bundles E , . . . , En over X, and a DBGA V^[VF; Y] is enlarged 

to a DBGA 



V^N} = V* OQ [VF®E Q ®---® E N - Y] (59) 

with the local generating basis (s A ,SA,c r ,c ri , . . . , c rjv ) where c rfe are Noether /c-stage antifields 
of antifield number Ant[c r J = k + 2. 

• The DBGA (59) is provided with the nilpotent right graded derivation 



5kt = 5 n = 5+ ]T d r ^ A s AA + Yl d rk A rk , (60) 

0<|A| l<k<N 

A rk U= Kl lA CAr k ^+ (61) 

0<|A| 

E (h^-^ A ^ rk _ 2 s 3A + ..> g vl n {k - l} fe+1 , 

0<|S|,|S| 

of antifield number -1. The index k — — 1 here stands for sa- The nilpotent derivation Skt 
(60) is called the Koszul-Tate operator. 
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• With this graded derivation, the module V ^ {iV}<jv+3 of densities of antifield number 
< (N + 3) is decomposed into the exact Koszul-Tate chain complex 

^l m S A^ n [7F ; y], &-T?£{0} 2 ^_^{i} 3 ... (62) 

'£±P£ {n _ 1}n+i ^v^ {N } n+2 s ^vT{n} n+3 

which satisfies the following homology regularity condition. 

Condition 23. Any 5 k<N -cycle <fi G V ( £{k}h+?> C V^ l {k + 1)^+3 is a 5k+i-boundary. 

Remark 5. The exactness of the complex (62) means that any 5 fc< Ar-cycle <fi G V^ n {k} k+3 , 
is a c^+2-boundary, but not necessary a St+i-oiae. 

• The nilpotentness 5^ T = of the Koszul-Tate operator (60) is equivalent to complete 
non-trivial Noether identities (48) and complete non-trivial (k < AQ-stage Noether identities 

E Kr> A dA( E Ktfcx rk _ 2 ) = -5( £ h^-^ A ^ rk _ 2 s SA ). (63) 

0<|A| 0<|S| 0<|E|,|S| 

This item means the following. 

Proposition 24. Any b k -cocycle $ G V^{k} k+ 2 is a k-stage Noether identity, and vice 
versa. 

Proof. Any (k + 2)-chain $ G V^ n {k} k+2 takes the form 

<S> = G + H= J2 G r ^ A c Ark co+ Y, (H (A ' s) ^-^ ) s EA c^ rk _ 1 + ...)co. (64) 

0<|A| 0<E,0<~ 

If it is a 5fc-cycle, then 

E G^ K d A { Y Kl-^c^) +S( ]T H^^s^c^) = (65) 

0<|A| 0<|S| 0<E,0<S 

are the /c-stage Noether identities. Conversely, let the condition (65) hold. Then it can be 
extended to a cycle condition as follows. It is brought into the form 

0<|A| 0<E,0<~ 

0<|A| 0<E,0<~ 

A glance at the expression (61) shows that a term in the right-hand side of this equality 
belongs to V^{k — 2} k +i- It is a 5fc_2-cycle then a 5fc_i-boundary 5 k ^i^/ in accordance with 
Condition 23. Then the equality (65) is a C£ rfe ^-dependent part of a cycle condition 

4( E Grfe,A ^ fe + E ff^'-^Wfcw - *) = o, 

0<|A| 0<E,0<H 
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but 5 k ty does not make a contribution to this condition. □ 

Proposition 25. Any trivial k-stage Noether identity is a 5 k -boundary $ e V^ l {k} k+2 . 

Proof. The /c-stage Noether identities (65) are trivial either if a <5fc-cycle $ (64) is a 8 k - 
boundary or its summand G vanishes on Ker^L. Let us show that, if the summand G of $ 
(64) is 5-exact, then $ is a ^-boundary. If G = 5^, one can write 

$ = 5 k V + (5 - 5 k )V + H. 

Hence, the <5fc-cycle condition reads 

6 k Q = 6 k - 1 ((8-6 k )* + H) = 0. 

By virtue of Note 23, any 5 fe _i-cycle e V°^{k — l} k +2 is 5 k -ex&ct. Then (5 — + H is a 
^•-boundary Consequently, $ (64) is <5fc-exact. □ 
Note that all non-trivial /c-stage Noether identities (65), by assumption, factorize as 

$ = ]T <F- s d H A rfc o;, <F^ S G <S^[F; Y], 

0<|S| 

through the complete ones (63). 

It may happen that a graded Lagrangian system possesses non-trivial Noether identities 
of any stage. However, we restrict our consideration to iV-reducible Lagrangian systems. 



8 Second Noether theorems 

Different variants of the second Noether theorem have been suggested in order to relate re- 
ducible Noether identities and gauge symmetries [4, 6, 18]. The inverse second Noether The- 
orem 26, that we formulate in homology terms, associates to the Koszul-Tate complex (62) 
of non-trivial Noether identities the cochain sequence (71) with the ascent operator u (72) 
whose components are non-trivial gauge and higher-stage gauge symmetries. 

Remark 6. Let us use the following notation. Given the DBGA P^{iV} (59), we 
consider a DBGA 

K>{N) = V*JF®E ®...®E N ;Y}, (66) 

possessing a local generating basis (s A , c r , c ri , . . . , c rjv ), [c Tk ] = ([c r J + l)mod2, and a DBGA 
P^{N} =V* QO [VF®E ®---®E N ®E ®---®E N ;Y] (67) 

Y Y Y Y Y 

with a local generating basis (s A , ~s~a, c r , c ri , . . . , c rjv , c r , c ri , . . . , c rjv ). Following the physical 
terminology, we call their elements c rfe the /c-stage ghosts of ghost number gh[c rfe ] = k + 1 and 
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antifield number Ant[c rfc ] = — {k + 1). A C°°(X)-module of fc-stage ghosts is the density- 
dual of a module C {k) of fc-stage antifields. The DBG As V^N} (59) and V^{N} (66) are 
subalgebras of P^{N} (67). The Koszul-Tate operator 5kt (60) is naturally extended to a 
graded derivation of a DBGA P^{N}. 

Remark 7. Any graded differential form G S^[F;Y] and any finite tuple (/ A ), 
< |A| < k, of local graded functions f A G F] obey the following relations [19]: 

E /%Mw= E(- 1 ) |A|rf A(/ A )^ ,Aw + ^ (68) 

0<|A|<fe 0<|A| 

E (-i) |a| ^a(/ a 0) = E ^(/) A ^ 

0<|A|<fe 0<|A|<fc 

v(f) A = E (- 1 )' S+A|i W#^/ E+A ' ( 69 ) 

0<|E|<fc-|A| l 2j l-|- /i l- 

^(/)) A = / A (70) 



Theorem 26. Given a Koszul-Tate complex (62), the module of graded densities V^{N} 
is decomposed into a cochain sequence 

0->S£HF;Y] ^V^iN} 1 ^V^ n {N} 2 • • • , (71) 



u = if + it 



(i) 



(JV) 



M^ A + M r (9 f . + --- + M rjv - 1 9 r 



(72) 



graded in a ghost number. Its ascent operator u (72) is an odd graded derivation of ghost 
number 1 where u (77) is a variational symmetry of a graded Lagrangian L and the graded 
derivations u^) (80), k — 1, . . . , N, obey the relations (79). 

Proof. Given the Koszul-Tate operator (60), let us extend an original grade Lagrangian 
L to a Lagrangian 

L e = L + L 1= L+ E c r "A rk u = L + 5 KT ( E ^c rk u) (73) 

0<k<N 0<k<N 

of zero antifield number. It is readily observed that a Koszul-Tate operator 5 K t is an exact 
symmetry of the extended Lagrangian L e G P^ n {N} (73). Since a graded derivation 5 K t is 
vertical, it follows from the first variational formula (37) that 



-^4+ E 

OS A n^-l„^-AT OC 



rk 



0<k<N u ^ r k 



UJ 



v A S A + e ^ — 



0<k<N 



5c r " 



(74) 



A $ £e 
V = 



5s A 
*8C f 



0<|A| l<i<JV0<|A| 



5c 



= u rk +w 



rk 



E c^viKiy + E E c AV(d rk (h ri )y 



rk 



0<|A| 



fe+Ki<JV0<|A| 
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The equality (74) is split into a set of equalities 

5(c r A r 



5s A 
5s A 



£ a uj = u £ A u = dficro, 



0<i<k 



Sc r . 



to = d H a k , 



(75) 
(76) 



where k = 1, . . . , N. A glance at the equality (75) shows that, by virtue of the first variational 
formula (37), an odd graded derivation 



u = u 



d 
<9s A ' 



u 



= E clv(^)\ 



(77) 



0<|A| 



of V°{0} is a variational symmetry of a graded Lagrangian L. Every equality (76) falls into a 
set of equalities graded by the polynomial degree in antifields. Let us consider that of them 



linear in antifields c rk 2 . We have 



5s A 



0<|S|,|S| 



E ^rt^riJ E A rti' =5 Sr fc _ 2 W = tZff<7fc. 



^H-i o<|S| 0<|H| 

This equality is brought into the form 

£(-l)l^ s ( c ^ E ^ fe - 2 ' S)(AH W 2 )^ + ^- 1 E ^:fc Srfc _ 2 u; = d H <r fc . 

0<|S| 0<|S| 0<|S| 

Using the relation (68), we obtain an equality 

E E h^^c Srk _ 2 d s £ A co + E Ktf^r k _ 2 u = d H a' k . (78) 

0<|~| 0<|S| 0<|S| 

A variational derivative of both its sides with respect to c rk _ 2 leads to a relation 

5{a rk - 2 ), a rk - 2 



r-k-ifp u rk ~ 2 



0<|S| 

which an odd graded derivation 



E ^(^- 2)(A ' S) ) S ^(c r ^ SA ), (79) 

0<|E| 



u 



<*> = u'*-^_i = E ^l^fVi. fc = l,...,iV, 

0<|A| 



(80) 



satisfies. Graded derivations w (77) and (80) are assembled into the ascent operator u 
(72) of the cochain sequence (71). □ 
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A glance at the expression (77) shows that a variational symmetry u is a linear differ- 
ential operator on a C°°(X)-module C (0) of ghosts. Therefore, it is a gauge symmetry of a 
graded Lagrangian L which is associated to the complete Noether identities (48) [18, 19]. This 
association is unique due to the following direct second Noether theorem. 

Theorem 27. A variational derivative of the equality (75) with respect to ghosts c r leads 
to the equality 

5 r {u A £ A u)= £(-l)l A ld A fa(A?) A £0 = ^(-1)I A I^(A^))%^ = 0, 

0<|A| 0<|A| 

which reproduces the complete Noether identities (48) by means of the relation (70). 
Moreover, the gauge symmetry u (77) is complete in the following sense. Let 

E C R G r £d s A r cu 

0<|S| 

be some projective C°°(X)-module of finite rank of non-trivial Noether identities (47) param- 
eterized by the corresponding ghosts C R . We have the equalities 

= ]T C R Gfd s ( E A^ A d A S A )u = E ( E v(G r R fCi)A?' A d A £ A u + d H (a) = 

0<|H| 0<|A| 0<|A| 0<|3| 

E (-1) |A| ^a(A^ a E v{G' R fCi)£ A u + d H a = 

0<|A| 0<|S| 

E v(^f) A dA( E v(G r R fCi)S A u + d H a = 

0<|A| 0<|3| 

E u r A dA( E v(G r R fCi)£ A cu + d H a. 

0<|A| 0<|3| 

It follows that a graded derivation 
<*a( E v(G R fCi)u^ A d A 

0<|3| 

is a variational symmetry of a graded Lagrangian L and, consequently, its gauge symmetry 
parameterized by ghosts C R . It factorizes through the gauge symmetry (77) by putting ghosts 

c r = E v(G r R fCi. 

0<|3| 

Turn now to the relation (79). For k — 1, it takes the form 
E dj,u r dfu A = 5(a A ) 

0<|E| 
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of a first-stage gauge symmetry condition on Ker 5L which the non-trivial gauge symmetry u 
(77) satisfies. Therefore, one can treat an odd graded derivation 

00 0<|A| 

as a first-stage gauge symmetry associated to the complete first-stage Noether identities 

Ea:;%(Ea^) = -*( E ^f E)(A -W 5 A). 

0<|A| 0<|S| 0<|E|,|H| 

Iterating the arguments, one comes to the relation (79) which provides a /c-stage gauge 
symmetry condition, associated to the complete /c-stage Noether identities (63). 

Theorem 28. Conversely, given the k-stage gauge symmetry condition (79), a variational 
derivative of the equality (78) with respect to ghosts c Tk leads to an equality, reproducing the 
k-stage Noether identities (63) by means of the relations (69) and (70). 

This is a higher-stage extension of the direct second Noether theorem to reducible gauge 
symmetries. The odd graded derivation u^) (80) is called the /c-stage gauge symmetry. It is 
complete as follows. Let 

E C R *G%fd s A rk u 

0<|S| 

be a projective C°°(X)-module of finite rank of non-trivial /c-stage Noether identities (47) 
factorizing through the complete ones (63) and parameterized by the corresponding ghosts 
(jRk _ One can show that it defines a /c-stage gauge symmetry factorizing through (80) by 
putting /c-stage ghosts 

c rk = E v(G r £ k fC«*. 

0<|S| 

The odd graded derivation u^) (80) is said to be the complete non-trivial A;-stage gauge 
symmetry of a Lagrangian L. Thus, components of the ascent operator u (72) are complete 
non-trivial gauge and higher-stage gauge symmetries. 

9 Appendix A. 

We quote the following generalization of the abstract de Rham theorem [24] . Let 
— 7- o — > b — > bi — > ■ ■ ■ — > bp — > bp + i, p > 1, 

be an exact sequence of sheaves of Abelian groups over a paracompact topological space Z, 
where the sheaves S q , < q < p, are acyclic, and let 

-)• T(Z, S) ^ T(Z, S ) ^ T(Z, S ± ) ■ ■ • ■ ^ T(Z, S p ) ^ T(Z, S p+1 ) (81) 
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be the corresponding cochain complex of sections of these sheaves. 



Theorem 29. The q-cohomology groups of the cochain complex (81) for < q < p are 

isomorphic to the cohomology groups H q (Z, S) of Z with coefficients in the sheaf S [16, 37]. 



10 Appendix B. 

The proof of Theorems 11 and 12 falls into the following three steps [17, 19, 34]. 
(I) We start with showing that the complexes (29) - (30) are locally exact. 

Lemma 30. IfY — R n+k — > W\ the complex (29) is acyclic. 

Proof. Referring to [4] for the proof, we summarize a few formulas. Any horizontal graded 
form G S^* [F; Y] admits a decomposition 

= 0o + 0, 0= / T E 4di<P, (82) 

o 0<|A| 



where O is an exterior form on M n+fc . Let G <S^ m<n [F; Y\ be d^-closed. Then its component 
0o (82) is an exact exterior form on M n+fc and = d H £, where £ is given by the following 
expressions. Let us introduce an operator 



D +U (f) 



dX 
T 



E • • • C)" 1Aa f«i..^-i)^ 1 ""' lfc ^' As A' 



0<k 



The relation [D +v , d M ]0 = <5^0 holds, and it leads to a desired expression 

^ (n-m-1)' p ^j^ po = ^ Pk = dui ... dukD ^... D + 
k=o \n — m + K)\ 



(83) 



Now let G <S^,™[.F; F] be a graded density such that 50 = 0. Then its component 0o (82) is 
an exact n-form on M. n+k and = d H !;, where £ is given by the expression 



£= E E (-i)' s| 4«+ A 0cv 

|A|>0S+H=A 

We also quote the homotopy operator (5.107) in [30] which leads to the expression 
' dX 



(84) 





A M + 1 



(85) 



= E E 



0<|A| M 



n — m + |A| + 1 



Lo<|s| 
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where A! = A Ml ! • • • A M J, and A M denotes a number of occurrences of the index /j, in A [30]. 
The graded forms (84) and (85) differ in a <i#-exact graded form. □ 

Lemma 31. IfY — M. n+k — > W\ the complex (30) is exact. 

Proof. The fact that a enclosed graded form <p G iS^ m<n [F;F] is <i#-exact is derived 
from Lemma 30 as follows. We write 

= E^A^, (86) 

where 4>\ G <S^ m [F;F] are horizontal graded m-forms. Let us introduce additional variables 
of the same Grassmann parity as sf. Then one can associate to each graded (1, m)-form 
(86) a unique horizontal graded m-form 

? = E*X (87) 

whose coefficients are linear in variables s^, and vice versa. Let us put a modified total 
differential 

d H = d H + dx X A Yl ^X+A^A: 
0<|A| 

acting on graded forms (87), where d\ is the dual of ds^. Comparing the equalities 
d H si = dx x sf +A , d H 9f = dx x A 6f +A , 



one can easily justify that d,H<j> = dn4>- Let the graded (1, m)-form (86) be <i#-closed. Then 
the associated horizontal graded m-form (87) is <i#-closed and, by virtue of Lemma 30, it is 
d#-exact, i.e., = dn£, where £ is a horizontal graded (m — l)-form given by the expression 
(83) depending on additional variables sf. A glance at this expression shows that, since is 
linear in variables sf, so is £ = J2^,a^a- ^ follows that = d H £, where ( = Ed^^A' ^ 
remains to prove the exactness of the complex (30) at the last term g(S^ l [F; F]). If 

Q(o) = E (-1)' A| ^ A [dA(di\a)\ = E ("1) |A| ^ A [d A o> = 0, a G <S^\ 

0<|A| 0<|A| 

a direct computation gives 



d H c, e = - E E (-l) |S| ^Ad E < 

0<|A| S+H=A 



□ 

(II) Let us now prove Theorems 11 and 12 for a DBG A Q£jF; F]. Similarly to F], 
the sheaf H^J-F; F] and a DBGA Q^J-F; F] are decomposed into Grassmann-graded variational 
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bicomplexes. We consider their sub complexes 

0^R^£^[F;y] **>£)g[F;Y]... ±>£%?[F;Y] A e(jQjf [F; Y]), (88) 

O^Q^Y] *L>tig[F;Y]... *L>£>g[F;Y] JL^(jQM[F; Y]) 0, (89) 

O^R^ Ql[F;Y] **> Qg[F;Y]- ■ ■ ^ Q°^[F;Y] ^T(g(£l^[F;Y])), (90) 

0^Q^[F;Y] *L>Qg[F;Y]... ±> Og[F;Y] r(^[F; Y])) -+ 0. (91) 

By virtue of Lemmas 30 and 31, the complexes (88) - (89) are acyclic. The terms £}^*[F; Y\ of 
the complexes (88) - (89) are sheaves of Q^F; Y]-modules. Since J°°Y admits the partition of 
unity just by elements of Q^F; Y], these sheaves are fine and, consequently, acyclic. By virtue 
of abstract de Rham Theorem 29, cohomology of the complex (90) equals the cohomology of 
J°°Y with coefficients in the constant sheaf R and, consequently, the de Rham cohomology of 
Y in accordance with the isomorphisms (4). Similarly, the complex (91) is proved to be exact. 
Due to monomorphisms O*^ — y S^F; Y] — y Q^F; Y] this proof gives something more. 

Theorem 32. Every d H -closed graded form G Q^ <n [F\Y] falls into the sum 

= ho a + d H £, ie Q^-^F-Y], (92) 
where a is a closed m-form on Y . Any 5 -closed G Q^ n [F; Y] is the sum 

4>=h *+d H t, ^eesr^n (93) 

where a is a closed n-form on Y . 

(Ill) It remains to prove that cohomology of the complexes (29) - (30) equals that of the 
complexes (90) - (91). 

Let the common symbol D stand for dn and 5. Bearing in mind the decompositions (92) 
- (93), it suffices to show that, if an element G S^[F; Y] is D-exact in an algebra Q^F; Y], 
then it is so in an algebra <S^[F; Y\. 

Lemma 30 states that, if Y is a contractible bundle and a D-exact graded form on J°°Y 
is of finite jet order [0] (i.e., G S^F; Y]), there exists a graded form p> G S^[F; Y] on J°°Y 
such that = Dp. Moreover, a glance at the expressions (83) and (84) shows that a jet order 
[p] of p is bounded by an integer 7V([0]), depending only on a jet order of 0. Let us call this 
fact the finite exactness of an operator D. Lemma 30 shows that the finite exactness takes 
place on J°°Y\u over any domain U C Y . Let us prove the following. 

Lemma 33. Given a family {U a } of disjoint open subsets of Y , let us suppose that the 
finite exactness takes place on J°°Y\u a over every subset U a from this family. Then, it is true 
on J°°Y over the union U U a of these subsets. 

a 

Proof. Let G «S£,[-F;Y] be a D-exact graded form on J°°Y. The finite exactness on 
(7rg°)- 1 (Uf/ a ) holds since = Dp a on every (7rg°) _1 (t/«) and [p a ] < N ([(/>]). □ 
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Lemma 34. Suppose that the finite exactness of an operator D takes place on J°°Y over 
open subsets U, V ofY and their non-empty overlap UCW . Then, it also is true on J^Y^^y . 

Proof. Let = Dip G S^[F;Y] be a D-exact form on J°°F '. By assumption, it can 
be brought into the form Dip v on {'Kq > )~ 1 {U) and Dip v on (^o')~ 1 (V), where ipu and ipy are 
graded forms of bounded jet order. Let us consider their difference ipu — ipy on (7r^°) _1 (?7 fl V). 
It is a D-exact graded form of bounded jet order [ipu — ip v ] < N([<f>]) which, by assumption, 
can be written as ipu — ipv = Da where a also is of bounded jet order [a] < N(N([(f>])). Lemma 
35 below shows that a = ay + ay where o~u and ay are graded forms of bounded jet order on 
( 7r o°) _1 (^') an( i ( 7r o°) _1 (^)) respectively Then, putting 

<f'\u = ¥u - Day, ip'\y = ip v + Day, 

we have a graded form <fi, equal to Dip' v on (vr^°) _1 (?7) and Dip' v on (V) , respectively. 

Since the difference ip'y — ip' v on (ir^)' 1 ^ C\V) vanishes, we obtain = Dip' on (ir™ ) _1 (£7 UV) 
where 



Lemma 35. Let U and V be open subsets of a bundle Y and a G 0^ a graded form of 
bounded jet order on (7r^)~ 1 (f/ fl V) C J°°Y . Then, a is decomposed into a sum ajj + ay of 
graded forms ay and ay of bounded jet order on (vr^°) _1 (f/) and (7r£° )^ 1 (V), respectively. 

Proof. By taking a smooth partition of unity on U U V subordinate to a cover {U, V} 
and passing to a function with support in V, one gets a smooth real function / on U U V 
which equals on a neighborhood of U \ V and 1 on a neighborhood of V \ U in U U V. Let 
(^o )*/ De tne pull-back of / onto (7r£° ) _1 (£/ U V). A graded form ((7t£°)*/)(T equals on a 
neighborhood of (vr^°) _1 (f/) and, therefore, can be extended by to (^^(U). Let us denote 
it ay. Accordingly, a graded form (1 — (n^)*f)a has an extension ay by to (7Tq° ) _1 (F). 
Then, <r = <j[/ + ay is a desired decomposition because ay and ay are of the jet order which 
does not exceed that of a. □ 

To prove the finite exactness of D on J°°Y, it remains to choose an appropriate cover 
of Y. A smooth manifold Y admits a countable cover {U^} by domains U^, £ G N, and its 
refinement {Uij}, where j G N and i runs through a finite set, such that fl = 0, j 7^ k 
[22]. Then F has a finite cover {C/j = Uj£4,}. Since the finite exactness of an operator D 
takes place over any domain U^, it also holds over any member of the refinement {U^} of 
{U^} and, in accordance with Lemma 33, over any member of a finite cover {C/j} of F. Then 
by virtue of Lemma 34, the finite exactness of D takes place on J°°F over F. 

Similarly, one can show that, restricted to S^ n [F; F], the operator g remains exact. 




is of bounded jet order [<//] < N(N ([(/)])). 



□ 
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